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Abstract
The quantized form of the soft N=8 superconformal algebra is investigated.
Its operator product expansions are shown to exhibit a one-parameter-class of
(soft) anomalies, which may be arbitrarily shifted by certain suitable quantum
corrections of the generators. In particular, the BRST operator can be con-
structed and made nilpotent in the quantum version of all known realizations





-algebra, that is contained as a soft Kac-Moody part in the
superconformal algebra. A Fock-space representation is given, that has to be




There has been broad interest in conformal and superconformal symmetries through-
out the last years, not at least, because of the fundamental role, they seem to play in
string theory. In order to gain insight into what might be the underlying mathemat-
ical structures of string theory, it has even become customary to study the possible
superconformal symmetry structures for themselves before investigating concrete
models, thereby trying to rule out inconsistent theories by looking for algebraic
inconsistencies, such as inadmissible OPE or BRST-anomalies.
Since the work of Ademollo et al. [1], extended superconformal algebras containing
N > 1 super-generators and additional inner symmetries have been under closer
investigation, generalizing the rst superconformal structures, that appeared as
symmetry algebras of the N=1 superstring [2]. Of further relevance have been the





Kac-Moody parts, respectively, and can be interpreted in the context of the cor-
responding superstring models, though the physical contents of these models has
remained unclear [3, 4].
There is a close connection between these algebras and the corresponding division
algebras K
N
of the real, the complex and the quaternionic numbers, that becomes





Extending this construction to the algebra of octonions O, one arrives at a super-




part. As O fails to
be associative, the resulting superconformal algebra cannot be a Lie-algebra, which
is in accordance with the general results on classication of superconformal algebras
[5]. The only known way to implement non-associative algebras in physical context
is via so-called soft algebras [6], i.e. via algebras with eld-dependent structure \con-
stants", that transform under the algebra, thereby fullling the Jacobi-identities,
which seems to be essential for any physical use.
The N=8 superconformal algebra was discovered by Englert et al. [7] and reap-
peared in physical context in the work of Berkovits [8] and Brink, Cederwall and Pre-
itschopf [9] in dierent connections with the ten-dimensional N=1 GS-superstring.
In both approaches, the known superconformal Lie-algebras, that describe the situ-
ation in the lower dimensions D = N +2 = 3; 4; 6, are replaced by the N=8 algebra
in the critical and therefore most interesting dimension of D = 10.
Up to now, only the classical form of this algebra has been studied; in particu-
lar, any terms of order h
2
and, correspondingly, all normal-ordering problems have





a systematic way, given several realizations of this structure, calculated the OPE
of the quantized algebra and described a nilpotent BRST-operator [10]. In the
following, we will extend parts of these investigations onto the whole soft N=8 su-
perconformal algebra. The paper is organized as follows: In section 2 basic facts on
the alternative division algebra of the octonions O are repeated; section 3 describes
the classical form of the N=8 superconformal algebra. We investigate the quantized
form of the soft algebra in section 4, calculating all the arising anomalies, that do
not restrict to central extensions as in the case of the superconformal Lie-algebras,
but contain several soft terms from derivations of the structure \constants". It is
shown how to correct an essential part of these anomalies by quantum corrections
of the generators and arising normal-ordering problems are discussed.
In section 5 we give a Fock-space representation of the soft algebra, which exhibits
some unusual features due to the existence of a certain inverse operator, that is
necessary for the parameterization of the underlying seven-sphere S
7
. The BRST-
operator is constructed and its quantum nilpotency shown to be achievable in all
2
known representations of the algebra by a suitable quantum correction of the dis-
covered type. This generalizes the results of [10].
2 Basic notation
In this section we will give a short review of the known facts about the algebra of
octonions and clarify our notation, following [10].
The algebra of octonions is the only real nite-dimensional non-associative but




; : : : ; e
7
and denote the






















. Its real and



























= 1 for [ijk] = [124]; [235]; [346]; [457]; [561]; [672]; [713] ;
antisymmetric in all three indices and zero otherwise
1
.




























































An algebra is called alternative if the associator is antisymmetric in its three argu-
ments. In the case of the octonions this can be veried using (2.1).
Due to non-associativity several octonionic products can be introduced; the fol-
lowing will be of further importance:
Let X 2 S
7




























































































(X) is even antisymmetric in all four indices
2
and that X-commuta-





(X) characterizing the X-product are functions
on the seven-sphere that may be interpreted geometrically as the torsion and its














Nearly all relations between these quantities can be derived from (2.7) and the






























which can be proved using (2.7).
Let us close this section by stating some octonionic identities that will become































































3 Classical version of the N=8 superconformal al-
gebra
In this section we will present the classical form of the soft N=8 superconformal
algebra. This algebra was discovered by Englert et al. in its non-associative form
and in a soft form that turned out to be somewhat unwieldy, not admitting central
extensions for example [7]. With a slight modication concerning the nature of the
eld dependent structure \constants", the soft algebra reappeared in the work of
Berkovits [8] and Brink, Cederwall and Preitschopf [9]. They even found free eld
realizations of this algebra which we are going to describe in the following.
Parameter eld realization The simplest realization of the N=8 superconfor-




























Throughout the whole text, symmetrization (: : : ) and anti-symmetrization [: : : ] is understood
























































































































and neglecting all terms of order h
2
. The conformal dimensions of the currents are
h
J






These are the OPE of a soft algebra, which means that the structure \constants"
on the r.h.s. still depend on some elds and can be interpreted as functions on
an underlying manifold, which is the seven-sphere S
7
and its super-partner in this
case, parameterized by X and . As these elds transform under the algebra, the



















The resulting additional terms are essential for the validity of the Jacobi identities.
These soft OPE generalize the OPE of the known superconformal Lie-algebras for
N=1, N=2 and N=4 [2, 3, 4], that may be recovered by replacing the octonions by
the corresponding algebra K
N
of the real, the complex or the quaternionic numbers,
respectively.
In order to stress the division algebra structure of the OPE (3.3), we still present






















































It should be emphasized that the realization (3.2) of the algebra is distinguished in a
way, because its free elds (3.1) are intimately related to the structure \constants"
via (3.4). However, it turns out that the generators of all known free eld realiza-
tions of the soft algebra [8, 9] include exactly one copy of (3.2), that is responsible
for the correct transformation behavior of the structure \constants" under the al-
gebra. We will call this part (3.2) the parameter eld part of the generators. The
remaining part of the generators in extended realizations will be referred to as the
main part.
Extended realizations The main part of the generators found by Brink, Ced-





















The complete generators are given by




























and can be shown to fulll the OPE (3.3) classically. Here, the algebra appears
in connection with the super-Poincare-algebra of the ten-dimensional N=1 GS-
superstring in light-cone gauge. The physical meaning of the parameter elds (3.1)
remains unclear.
Note that this realization is the generalization of the well known free eld represen-
tations of superconformal algebras in superstring models for N=1, N=2 and N=4,
that consist of one copy of the main part from (3.8) for each (real, complex or
quaternionic, respectively) space-time dimension [2, 3, 4].
Another realization of the soft N=8 superconformal algebra was found by Berkovits
in the context of a string-twistor-model of the ten-dimensional N=1 GS-superstring
[8]. The parameter eld part is built of free elds, that parameterize the redundant
degrees of freedom in the twistor description. The main part of the generators con-



























The explicit form of the generators is given by




































and they also fulll the classical OPE (3.3).
General extended realizations of the N=8 superconformal algebra can be built of
one copy of the parameter eld part (3.2) and arbitrary copies of the main parts
from (3.8) and (3.9).





algebra corresponding to certain higher tree-graphs [10].
6
4 Quantizing the algebra
We are now going to investigate the quantized form of the OPE (3.3). In particular,
we will calculate the OPE of the generators (3.8) considering also the terms of order
h
2
, which descend from double contractions and from reordering the non-commuting
free elds the generators are built of. In the case of the well-known superconformal
Lie-algebras such terms are always central extensions of the algebra. In addition
to these c-number-anomalies, the soft N=8 algebra yields also terms containing the
parameter-elds  and , which result from derivations of the structure \constants".




algebra. We will calculate all the anomalies proceeding in three steps:
{ The OPE of the generators (3.8) are calculated according to Wick's the-
orem in free-eld normal-ordering. Up to central extensions all the ad-
ditional terms descend from double contractions of the generators' main
parts.
{ We show how all these anomalies can be annihilated by adding suitable
quantum corrections to the generators of the algebra. In particular,
the OPE of all the realizations described in the previous section can be
brought into the same form with all soft anomalies vanishing.
{ The corrected OPE just have the classical form (3.3) together with canon-
ical central extensions. However, the structure \constants" and the cur-
rents on the r.h.s. of these OPE being operators with possible singular-
ities in their short-distance behavior now, are free-eld normal-ordered.
These expressions might depend on the special choice of a free-eld rep-
resentation of the algebra, which seems to be unnatural from the abstract
algebraic point of view. The transition to a more natural so-called cur-
rent normal-ordering yields additional terms in the OPE, which descend
only from the parameter eld part of the generators.
Anomalies from double contractions We nd it convenient to express the



















































A somewhat tedious but straightforward calculation making repeated use of Wick's
theorem and the identities (2.11){(2.16) yields the following exact quantized form






































































































































































































































with  = 1. We will refer to these OPE as -OPE and to the corresponding anoma-
lies as -anomalies.
A soft N=8 superconformal algebra with generators consisting of the parameter
eld part and | generalizing (3.8) | several copies of the main part, built of oc-




with  = 1; 2; : : :; d , fullls these -OPE
with  = d. In particular, the parameter eld part of the generators itself fullls
the -OPE with  = 0.
The realization of Berkovits (3.9), that consists of free elds and their conjugates,





Quantum correction of the generators It is possible to annihilate all the -
anomalies by adding a suitable quantum correction to the generators of the algebra.
Remember, that the parameter part itself fullls the OPE (4.2) with vanishing -
anomalies. We will rst construct a correction to this part that yields the -OPE
with an arbitrary .
The corrected form of j
i
was already found in [10]:
j






































from (4.2) yields the following transfor-




































A possible correction turns out to be
g

= g   2( 
X
)
Moreover, it can even be checked that every generator of the form
g

= g   2( 
X
) + ( 
X
 + @) + ^ (4.5)
with arbitrary numbers  and  transforms as required.
8
A rather lengthy calculation shows that this correction with  = 2 and  = 0






if in addition l is corrected as
l

:= l + @^ (4.6)





(z) = j(z) + 2(z) (4.7)
g
















fulll the OPE (4.2).
As all the quantum corrections commute with the main parts of the generators
(3.8) and (3.9), the OPE of any extended realization of the soft N=8 superconfor-
mal algebra can be brought into the form (4.2) with an arbitrary  by replacing the
parameter eld part (3.2) by the corrected part (4.7).
In particular, the -OPE with  = 0 can be achieved, annihilating all the -
anomalies. The corresponding quantum correction for the generators (3.8) for ex-
ample would be (4.7) with  =  1.
It seems reasonable to suppose that possible above mentioned higher tree-graph
realizations will yield more-parameter-families of anomalies that may be arbitrarily





Normal-ordering of generators and structure \constants" In all the previ-
ous calculations the terms have been normal-ordered in free-eld normal-ordering,
as is usual in quantum eld theory. Two operators are normal-ordered by decom-
posing them into the free elds they are built of and normal-ordering these in a
standard way. This is quite practicable as this free-eld normal-ordering is commu-
tative and associative and therefore easy to handle.
However, while working with ane Kac-Moody algebras, another kind of normal-
ordering may be used. The operator elds are taken as generating functions for
their modes, which build the corresponding ane Kac-Moody algebra. From this
point of view the whole information is encoded in the OPE of these operators. In
particular, there is a priori nothing like a free-eld-representation of these opera-
tors, that may be a useful but supplementary tool. Normal-ordering should not
depend on a special free-eld-representation of these operators, that may not even
be known, but should be denable just referring to the OPE.
A possible denition is the so-called current normal-ordering [17, 18]:








This product is neither commutative nor associative, but
: A : BC :: (z)  : B : AC :: (z) = :: [A;B] : C : (z) (4.9)
and
























To distinguish between the two dierent normal-orderings, we will denote only the
latter by dots: : AB : .
























(z) : : : : :: (4.11)
Note that also the r.h.s. is invariant under an arbitrary permutation of the free
elds.
Returning now to the soft algebra, the OPE (4.2) were calculated with genera-
tors and structure \constants" free-eld normal-ordered on the r.h.s.. From the
algebraic point of view this should be expressed now by the current normal-ordered
product just described.
Having a closer look at (4.2), the critical terms are seen to result from the param-
eter eld part only; moreover, they descend only from the terms containing the
conjugate momentum 
()
, since only these terms have to be normal-ordered with














]B :: in free-eld normal-ordering
with commuting elds A
a
and B (e.g. A = e
k
; B = T
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and the help of (4.9) and (4.10), the dierence between the terms in dierent normal-







































































































The complete OPE now contain these anomalies and the -anomalies, that may be
corrected to an arbitrary , as shown. For simplicity, we state the complete OPE
























































































































These anomalies can not be corrected as the previous ones, but, as we shall soon
see, it is exactly this form of anomalies that will be necessary for a consistent
BRST-quantization of the algebra.
Existence of an inverse operator There is still one essential point to be men-
tioned even in the construction of the classical soft algebra. The whole construction




parameterizing the seven-sphere. As the existence of inverse elds is highly non-
trivial in conformal eld theory, we should spend some comments on the existence
of this operator.





is required, because all the structure \constants" arrive bilinear inX and the inverse









In the previous calculations the OPE of Z have been taken as

a

















A standard way to obtain such an algebra is now to construct a system of operators




  1 = 0. This may be achieved
from the system of  and 
()





























Z   1i (4.15)
is an ideal in the enveloping algebra, that may be divided out.
This proves the existence of the algebra. However, we will see that the existence
of this inverse operator will lead to some curiosities in a Fock-space representation.
11
Considering representations of the algebra on a Hilbert space H, the action of Z is
not determined but only restricted by the relation (4.15).
Note further, that dividing out the ideal (4.15) implies also dividing out its action
on H: H ! H=(IH). To be consistent with the inner product, (IH) has to be
orthogonal to H. This will heavily restrict the representations. In particular, every




, has to be orthogonal to H: h jHi = 0.
We will further investigate these problems and representations of the algebra in the
next section.
5 The soft algebra as a gauge algebra
This section deals with the treatment of the soft algebra arising as a gauge algebra
of constraints. This might happen in some kind of superstring twistor-model, as is
the case in [8], or, maybe, on the search for an N=8 superstring generalizing the
known models for N=1, N=2 and N=4.
As is usual in gauge theory one would demand the positive modes of the constraints
to annihilate physical states, that are identied by this condition in the Fock-space
of the free elds, the currents are built of.
Following this track, we will rst construct a Fock-space representation of the soft
algebra, that will yield some unusual features due to the existence of the inverse
operator mentioned above. Finally, we present the BRST operator of the algebra
and show that nilpotency can be achieved by exactly the quantum corrections of
the generators, that were found in the previous section.
5.1 Fock-space representation of the algebra


























in (3.8) and (3.9). Insofar as these elds
commute, they can be represented on dierent Fock-spaces, the whole Fock-space
being obtained by tensoring these representations. We will not repeat the canoni-
cal Fock-space representations of the latter elds, since they are well known from
superstring theory, for example. Even representations of free elds with \wrong"











and the parameter elds, are known from the treatment of conformal and
superconformal ghosts [12, 13].













. As we shall see, only the zero modes of these elds will cause some
trouble.





It is reasonable to as-





































i 6= 0 ; (5.1)
12
because otherwise the vacuum j
i would be orthogonal to the Fock-space, implying
the vanishing of the inner product. Demanding that all the positive modes of 
a
should annihilate j









as well as the modes of the inverse operator Z can




























































showing that it is not possible to represent these operators as multiplication and
derivation, respectively. The same problem arises in the representation of super-
conformal ghosts and is treated as follows [13]:
The single Fock-space is replaced by a direct sum of two representations:
j







j0i = 0 and the orthogonal pairing: h0j0i = h1j1i = 0 and
h0j1i = 1.
One might be tempted to repeat this construction or | more general | to con-



















However, even the following general ansatz immediately leads to a contradiction:
If the vacuum j

























= 0 (no sum over a), this will already imply h
j
i = 0.




































































A representation of the zero modes has to be of a dierent kind.
3
To be exact, it would be enough, of course, to fulll this for one a only, giving rise to an integer
moding of 
0




; : : : ; 
7
, for example.




Representation of the zero modes We are still looking for a representation of













































Postponing the search for a general representation, let us consider the constraints





i = 0 (5.2)












will then automatically annihilate the vacuum, S having
half-integer moding. The whole construction will become more tedious in the R-
sector or in any other realization of the algebra but will follow the same line.





































The action of 
a
()0
is thereby determined by the action of the other operators and of






























Notice that these commutators imply a grading of the states according to the eigen-
values of A. Note further that Aj
i is again a physical state. This makes the fol-
lowing assumption possible:




with a real eigenvalue c 2 R.
We will rst show that this assumption completely determines the whole repre-
sentation and the inner product, thereby constructing a consistent Fock-space rep-
resentation of the soft algebra. Afterwards we will comment on its necessity.
The representation is now given as follows: The states of the Hilbert-space are






























































and jOi := Oj
i, let further 
O
be the













=  A+ 8 this yields:











i = 0 (5.7)
This means that the inner product of two states vanishes if they do not have the
opposite level. In particular, only states of level zero have a non-vanishing norm.





























































































































This nishes the complete description of a Fock-space representation of the soft
N=8 superconformal algebra.
We have now given a consistent Fock-space representation of the soft algebra and
even showed its uniqueness under the assumption (5.4). Let us close with a few
comments on this assumption. Which freedom is left, if (5.4) is not valid? Of
course, only the remaining freedom in the scalar products is of interest, since states
can be arbitrarily identied, if this is consistent with the scalar product.












is still valid for states jOi of level 1 and it is just in this context that the identity





i = 0 still implies h
jOj
i = 0 for every O with [J
i
0
;O] 6= 0, i.e.
being non-constant on the seven-sphere.
















may be assigned arbitrary values and that determine the real part of all scalar
products involving the operator A via (5.6).
The choice of one of these alternatives should be motivated by physical reasons in
a concrete model. It turns out, that the space of physical states in every model
| i.e. the space of states annihilated by the positive modes of the generators
of the algebra | will be very large, for many of the excitations can be \made
physical" by a suitable correction in terms of the parameter elds. This suggests
that other restrictions concerning the excitations of parameter elds in particular,
should appear, that might | among others | produce a statement like (5.4).
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5.2 BRST quantization
The whole algebra of physical constraints may be encoded in the nilpotent fermionic
BRST-operator with the physical states arising as its cohomology classes. We have
































  ghosts of dimension (0; 1)
There exists a standard way to construct the BRST-operator from the OPE of a
(super-)Lie-algebra [14]
4
. The obtained operator is classically nilpotent, whereas
the quantum case has to be investigated separately in general and yields restrictions
on the OPE of the algebra. Since we are dealing with a soft algebra now, the success
of this proceeding is not clear a priori.





exhibits this canonical form and can be made nilpotent even in the quantum case
[10], we generalize this result to the whole N=8 superconformal algebra, starting
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This current has to be dened only up to total derivatives by which it can be made








Its classical nilpotency can be shown straightforward. The quantum case involves
quite a lot of additional terms of order h
2
resulting from double contractions and
derivations of the structure \constants", that make the calculation rather tedious
but yield an interesting structure, as we shall see.
In order to fulll the nilpotency of the BRST-operator, the vanishing of all these
terms has to be demanded, which determines the exact form of the OPE of the
consistent quantized algebra. In view of the last section we will give the result in
current normal-ordering, thereby independent of any special free-eld representa-
tion.














































































































































































































































Comparing this with the OPE (4.2) and (4.13), we arrive at the following result:
Nilpotency of the BRST operator demands critical OPE of exactly the form (4.13)
with additional -anomalies (4.2) with  =  2.
As was shown in the previous section, every algebra built from the parameter eld
part and arbitrary copies of the main parts from (3.8) and (3.9) can be made to ful-
ll these OPE by a suitable quantum correction (4.7) of the generators. In contrast





[10], BRST consistency does not restrict the eld contents of the algebra.
The realization of Berkovits [8] is the simplest realization of the algebra, that fullls
the critical OPE without any quantum correction. Note, that the results of Osipov
on possible central extensions [16], quoted there, only cover the underlying non-
associative Malcev-Kac-Moody-algebras, thereby neglecting all the soft anomalies.
6 Summary
We have investigated the quantized form of the soft N=8 superconformal algebra
from [8] and [9]. The OPE of the known realizations of this algebra were shown
to build a one-parameter-class of OPE in which they can be arbitrarily shifted by
additive hermitian quantum corrections of the generators (4.7). The OPE are given
by (4.2) and (4.13) and parameterized by .
We further found that the OPE, which are necessary for a consistent BRST-quanti-
zation of the algebra, are a member of this class, thereby showing, that the BRST-
operator of any realization can be made nilpotent by the corresponding quantum
corrections. BRST-cohomology can now be studied in every concrete model.
17
It seems rather interesting that the same class of anomalies arises in several con-
texts here. The possible anomalies are heavily restricted by the Jacobi-identities, of
course, but there are at least several families of them, as result, for example, from
arbitrary shifting the generators by combinations of the parameter elds (4.1).
The described Fock-space representation of the soft algebra might serve as a canoni-
cal tool for further investigations, exploring the physical spectrum in concrete mod-
els. In view of the rich structure of this algebra, that is due to its mathematically
exposed position, one should still suppose further interesting discoveries.
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